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0. Introduction. 



Over the past few years quantum groups have shown to be powerful tools in the 
study of g-hypergeometric functions. They enabled proofs of identities which would 
have been hard to guess without quantum group theoretic motivation. As an ex- 
K^ , ample one can mention the papers [Ko2] , [Koo5] , [Koo6] and [NM] . See also [Ko3] , 

[Koo3] and [Nl] for surveys on the connection between quantum groups and basic 
hypergeometric functions and references therein. 

The purpose of this paper is to present an addition formula for so-called g-disk 
polynomials, using some quantum group theory. This result is a g-analogue of 
a result which was proved around 1970 by Sapiro [S] and Koornwinder [Kool,2] 
independently. They considered the homogeneous space U{n)/U{n — 1), were U{n) 
denotes the group of unitary transformations of the vector space C"^, and identifled 
the corresponding zonal spherical functions as disk polynomials, in the terminology 
of [Koo2]. These are orthogonal polynomials in two variables whose orthogonality 
measure is supported by the closed unit disk in the complex plane, and which can 
be expressed in terms of Jacobi polynomials Pn \x) for certain integer values of 
the parameters a and 13. The associated spherical funtions were shown to be also 
expressible in terms of disk polynomials, and from this an addition formula was 
proved for (positive) integer values of a and /3. By an easy argument this identity 
was then extended to all complex values of a (and from this Koornwinder could 
even derive an addition formula for general Jacobi polynomials). And in fact the 
line of arguing and the results in this paper will be very similar to (part of) the 
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g-Disk polynomials (quantum disk polynomials in the terminology of [Koo4]) are 
polynomials in two non-commuting variables which are expressed by means of 
little g-Jacobi polynomials, and that can be understood as a g-analogue in non- 
commuting variables of disk polynomials. They appeared in [NYM] where Noumi, 
Yamada and Mimachi studied a quantum analogue of U{n)/U{n — 1), or, rather, 
the coordinate ring of this quantum homogeneous space. They investigated its 
Wg(0l(n))-module structure, where Uq{Ql{n)) denotes the quantized universal en- 
veloping algebra corresponding to the Lie algebra gl(n), using the somewhat more 
abstract theory of highest weight representations, and ended with identifying the 
zonal spherical functions as g-disk polynomials. 

This paper is organized as follows. In chapter one we recall some of the facts on 
compact quantum groups and quantum homogeneous spaces. In the second chapter 
we introduce a g-deformation Z^ of the algebra of polynomials on C"^ and study its 
structure as a Wg(gl(n))-module. Chapter three then deals with Z^, the g-deformed 
algebra of polynomials on the sphere in C". This algebra is the same as the algebra 
A{K\G) of [NYM, section 4.1]. In the first two sections we introduce invariant 
integration on Z^ and describe its irreducible decomposition as aWq(g[(n))-module. 
In section three we recover the zonal spherical elements as g-disk polynomials, using 
the invariant integral. Section four deals with the irreducible decomposition as a 
Uq{Ql{n — l))-module and the associated spherical elements. These turn out to 
be expressable through g-disk polynomials as well. Finally, in the fifth section we 
prove the addition formula for the g-disk polynomials. 

In view of the previous paragraph, part of this paper (up till section 3.3) does not 
contain any really new results, but merely presents an alternative and somewhat 
more explicit approach to the problems addressed in [NYM]. The new results are 
contained in sections 3.4 and 3.5, where we recover the associated spherical functions 
and establish the addition formula. It should be noted that the definition of g-disk 
polynomials as polynomials in two non-commuting variables accounts for the fact 
that the addition formula we end up with is an identity in several non-commuting 
variables as well. 

We end by introducing some notation which will be frequently used. 
Let < g < 1. Write Z_|_ for the set of non-negative integers: 

Z+ = {0,1,2,...}. 

For /, TO G Z_|_, < g < 1, /9 G C, a an indeterminate and A = (Ai, . . . , A„) G Z" we 
define the following symbols: 

I Am = min(/, m) = -{I + m — \l — m|) 

1-g- 

m 



" 1-g 

(a;g)c 



(«;?)/ '^'"^ °° 



IP 



{aqP;q), 



Joo 

CXD 

(^. rA — TTn _ ^'^^^ 
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Furthermore we recall Jackson's g-integral for a function / 



JO 



k=0 

and the little g-Jacobi polynomials 



^ aq t^o iaq;q)k{q;q)k 

If < ag < 1 and bq < 1 they satisfy the orthogonality 



^ (g;g)A; {aq,abq;q)i{l- abq-^^+^Jiaq-^q)^ 

In particular, if we let 

Pi«'^) (x; q) = pm{x- g«, g^; q) (a, (3 > -1) 

then the orthogonality reads 

(l-g)g-("+i) (g;g)^(g;g)/3+m 



S, 



Im 



1 _ ^a+/3+2m+l (ga+1. g)^(ga + l; g) 



/3+m 



Through the little g-Jacobi polynomials one can define the g-disk polynomials as 
follows (cf. [Koo4]): 

Suppose we are given a complex unital *-algebra Z generated by the elements z 
and z* , subject to the relation 

* 2*1-1 2 

z z — q zz +1 — g 

and with *-structure (z)* = z* . Then the g-disk polynomials Ri^{z,z*]q), with 
a > — 1 and l^m E Z_(_, are defined to be: 

,, ( z^-'^PJ^'^-'^\l-zz*;q) (/>m) 

B^"^(z z*-a) = I V - y 

{Pi [1 — ZZ ; q)[z ) [l < m). 

Throughout this paper we will keep < g < 1 fixed. 

Acknowledgements : The author is very grateful to Prof. Tom H. Koornwinder 
for his valuable comments and suggestions. 
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1. CQG algebras. 



This first chapter will be devoted to establishing some notations and to recall briefly 
some facts about compact quantum groups. Our language will be that of [DK] . See 
also [Koo7] for a more extensive treatment of this topic. 

The ground fleld for all vector spaces under consideration will be the fleld C of 
complex numbers. 

1.1. Definitions and generalities. 

Let A be a Hopf algebra with comultiplication A : A —^ A ^ A, counit e : A —^ C 

and antipode S : A ^ A (for the theory of Hopf algebras we refer the reader to 

[Sw]). 

A right corepresentation of A is a pair (V, tv) of a complex vector space V and a 

linear map n : V ^ V ® A, satisfying 

(1.1.1) {n(^id)n = {id(^A)n, {id(^e)n = id. 

We also say that y is a right comodule for A. If V is flnite dimensional with basis 
{Gi}iLi and if we write 7r(ei) = J2k=i ^k ®T^ki, then this is equivalent to saying that 
the Tiij satisfy A(7rjj) = X]fc=i '^ife ® '^kj and e{7rij) = dij. The elements ttjj of A 
are called the matrix coefficients of this corepresentation. Furthermore, an element 
f of F is said to be (right) A-invariant if 7r(f ) — v ®1. 

A particular example of a right corepresentation is given when 1/ is a subspace of 
A such that A(y) (lV®A and tt = A. In this case we will also call V a (right) 
coideal of A. Similar definitions can be given for left corepresentations, but we 
won't be needing them here. 

A Hopf algebra A is called a Hopf *- algebra if there exists an anti-linear involution * : 
A ^ A which turns A into a *-algebra and such that A and e are *-homomorphisms. 
It is not difficult to show that in this case the antipode 5" is invertible and satisfies 

5'o>Ko5'o>K = Z(i. 

Now suppose A is a Hopf *-algebra . A right corepresentation n : V ^ V ® A is 
called unitarizahle if there exists a hermitean inner product (., .) on V such that 



{'k{v),'k{w)) = {v,w)l 



A 



for all v,w E V. Here we extended the inner product (., .) to a map from V ^ A to 
A by letting 

{v ^ a,w ®b) = {v, w)b*a. 

If V is endowed with this inner product, then the corepresentation is called unitary 
and the inner product is called A-invariant. If in this setting V is finite dimen- 
sional with orthonormal basis {ci} with respect to a given inner product, then the 
following are equivalent: 

(i) (y, tt) is a unitary corepresentation 
(ii) J2k=iKi^kj = ^iAA 

(iii) 3(71,^) = TT*, 
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irreducible unitary corepresentations of the Hopf *-algebra A. Furthermore, for 

■K = {TT^ij)fj=i e S let us put Att = span{nij}^j^i and A7r(r) = spanJTrr-jjjLi 
(1 < J < N). Then one can prove that the ttj^ (tt G E) are linearly independent 
and X^Ti-es ^^ ^^ ^ direct sum (see e.g. [Koo7]; actually this is even true in the more 
general situation of coalgebras). 

Definition : A Hopf *-algebra A is called a CQG algebra if A is spanned by the ma- 
trix coefficients of all its finite dimensional (irreducible) unitary corepresentations, 
i.e. ifA = J2^^^A^. 

The direct sum decomposition A = Xlji-es ^'^ ^^ often referred to as the Peter- Weyl 
decomposition. We should also note that with respect to A we have the following 
irreducible decomposition of A as a right comodule 

7r6E r=l 

A particular class of CQG algebras is given by the finitely generated ones, called 
CMQG algebras. A CQG algebra A is a CMQG algebra if and only if there exists a 
single finite dimensional unitary corepresentation t = (tij) of A such that A, as an 
algebra, is generated by the matrix elements tij. This corepresentation is usually 
referred to as the fundamental (or natural) corepresentation. 

As an example of a CMQG algebra we will meet the algebra Aq{n) = Aq{U{n)) of 
regular functions on the quantum unitary group. 

Theorem 1.1.1.- Let A be a CQG algebra. Then there exists a unique linear 
functional h : A ^' C, called normalized Haar functional, that satisfies 

(i) hiU) = 1 

(ii) {h (g) id)A{a) = h{a)lA = {id ® h)A{a) 
(iii) h{a*a) > if a^O. 

Theorem 1.1.2.- If A is a CQG algebra, then every finite dimensional corepresen- 
tation is unitarizable. Moreover, for all w E T^ there exists a positive definite matrix 
G^ such that if7v,pE S then 



trG^ 

KT^hPkl) = ^TrpSjl 






Proofs of these results can be found in [Koo7]. The last result is referred to as 
Schur orthogonality. 

1.2 Transitive coactions. 

In this section we will adopt the terminology of [D] section 4.1. 

Let a CQG algebra A and a *-algebra Z be given. Furthermore let us assume 

that there exists a right *-coaction 6 : Z ^ Z ^ A of A on Z. This means that 
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on Z and A on A. Then we know from [D], Theorem 4.1.5, that Z possesses a 
normahzed, positive definite A-invariant functional hz '■ Z ^> <C, meaning that hz 
satisfies {hz ® id)d{z) = hz{z)lA for all z E Z, that hz{lz) — 1 and hz{z*z) > 
a z ^ 0. Moreover, the coaction 6 is unitary with respect to the inner product on 
Z given by 

(1.2.1) {z,w) = h{w*z). 

Upon identifying Z with il^{Z), we may assume that Z is a *-subalgebra and right 
coideal of A, and that d = A and hz = h. 

Assume there exists a Hopf *-algebra C with unital Hopf *-algebra epimorphism 
9 : A —^ C and such that for all z & Z there holds 

(1.2.2) e{z)=eiz)lc. 

Using this mapping tt, we can define a coaction Sc from C on Z by putting Sc = 

{id ^9) A. 

Proposition 1.2.1.- Suppose V is a subcomodule of Z of finite dimension N > 1, 

so A : V ^' V ® A. Then V contains a non-zero C -invariant vector. That is, there 
exists an element C,q ^ Q inV with the property 5c (Co) = Co ® Ic- 

Proof: Let {ei\f^i be an orthonormal basis for V with respect to the inner product 
(1.2.1). As before we write A(ei) = X]fc=i ^k ® T^ki- Unitarity of A will imply that 

AKA := {id®id®mA){id®a2^®id){A® A) : V iS)V -* V iS)V A is also a unitary 
coaction with respect to the inner product {vi wi,V2 W2) = (t'l, t'2)(wi, 1^2)- 
Here m^ : A^ A ^ A denotes multiplication in A. Furthermore, we have 

(1.2.3) AomA = {mA<S) id) oA^ A. 

Now consider the element C '■= X]i=i ^i e* in Z ® Z. It satisfies 

AT 



A K A(C) = ^ A K A(e, ® e* 



(1.2.4) 



i=l 




N 




^'. 


(g)el(g) TT^-.TT*, 


i,j,k=l 




N 




^^.^ 


Cj ® e^ (g) 1a 


j,k=l 




C®1a 





i.e. C is A-invariant. If we put C '■= "^(C) = J2i=i^i^i ^ -^7 then it follows from 
n 2 3^ and (^9.A^ that 
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and hence ( = {id ® h)A{Q. By the invariance of the Haar functional we get 
( = h{QlA- From this we obtain 

^(0 = HO 

N 



(1.2.5) 



= J2He^e:) 

i=l 

N 

>0. 



^N 



Finally, put Co := {id(g)e){C) = EiLi^lO^i- Then obviously Co e V. Also Co ¥" 0, 
since £(Co) = ^(C) > 0. 

The last thing to show is that Co is C-invariant. Writing nic for the multiplication 
in C, one has 

5c(Co) = N®^)A(Co) 

= {id ® mc) {{id ® ^) A(Co) ® Ic) 

= {id ^ mc){{id ^ 9){A ^ e){C) ® Ic) 

= {id®mc){{id(»e®id){A® (e (g) 6')A)(C) 

= {id ^ mc) {{id ® 9 ^ e ^ 6) {A ^ A){C) 

= {id ® mc) {{id®e®9^e){id^ (J23 ® id) (A ® A) (C) 

= {id e 9) {id ^id® mA) {id ® 0-23 ® id) (A ® A) (C) 

= {id®e®9){A^A){C) 

= (zrf®£®^)(C® 1a) 

= {id0e){C)0lc 
= Co ® Ic- 



This proves the proposition. 



D 



Remark: Note that the element C does not depend on the choice of the orthonormal 
basis of V. Suppose the pair {A, C) forms a so-called quantum Gel'fand pair, so that 
in each A-,^ there is an at most one-dimensional subspace of C-invariant elements. 
If the comodule structure on V is unitary and irreducible, and we consider V as 
a subspace of A as before, then V can be realized as some A^^^), say A^(^iy for 
certain tt G E (cf. section 1.1). The invariant subspace will then be spanned by 

TTii. From Theorem 1.1.2 we know that the elements e^ = ( ,^^^._\s — j '^nu form 
orthonormal basis of V. Thus, again by Theorem 1.1.2 



an 



N 



e{Co) = J2h( 



e*e,. 



tr(G'^ 



i=l 



{{G^ 



111 



h{nl^nii] 



This remark will be of importance in section 3.5. 
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Then it is easily seen that T(^{v) = v for all v G ^ and that T^(ty) = if ty is 
orthogonal to V. Indeed, if v = J2j=i'^j^jj then T^(i') = J2i j=i'^j^i^z{e*ej) = 

12i 1=1 Oij^ii^ij ^j) = "12^=1 ^j^j = "^^ III the same way it follows that T(^{w) = if 
(«;,V) = 0. 

We will end this section with a small lemma, needed further on. 

Lemma 1.2.2; Suppose A,C are two CQG-algehras with normalized Haar Junc- 
tionals Ha, he respectively, and such that there exists a surjective unital Hopf *- 
algebra homomorphism -k : A ^> C (C is a 'subgroup' of A). Suppose furthermore 
that Z is a right comodule for A under 6 : Z ^> Z ® A, and assume that d is unitary 
with respect to a given inner product (., .). 

Let V C Z be a subcomodule for the corepresentation dc = {id Tv)d, and let a 
C -invariant element (j) in Z be given. 

Now if (j) is orthogonal with respect to (., .) to all C -invariant elements in V , then 
(j) is orthogonal to the whole of V . 

Proof: We know that 6c{(p) = (p^lc- Consider the linear map Tc : Z ^ Z defined 
by Tc = {id ^ hc)Sc- Since (j) is C-invariant, one has Tc{4>) = 4>- Furthermore, 
if -0 G y is arbitary, then Tc{i(^) is C-invariant and in V. Now note that the A- 
invariant inner product (.,.) is also C-invariant: (5c (</>), 5c(V')) = {4>^i^)'^C for all 
(p^t/j & Z. Consequently, if (p E Z is C-invariant and orthogonal to all C-invariant 
elements in V, and if i/^ G V is arbitrary then 

((^,^) = /ic(('/>,^)lc) 

= hc{{6c{cP).5c{i^))) 

= /ic((</'®lc,5c(V'))) 

= 
since Tc{ip) is C-invariant. This proves the lemma. D 

2. The quantized algebra of polynomials on C"^. 

In this chapter we will define the algebra Z^, which is a g-deformation of the 
involutive algebra of polynomials on C". On this algebra we will define a *-action 
of Uq{n), the quantized universal enveloping algebra of the unitary group U{n), as 
the 'differential' of a certain *-coaction of Aq{n), the quantized algebra of regular 
functions on U{n). 
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2.1. Definition and structure of Zr. 



•'n- 



Define the *-algebra Z^ as Z^ = C(2i, . . . , 2^, wi, . . . , Wn) / 1, where / is the two- 
sided ideal generated by all elements 

ZiZj — qZjZi {^ <ii < 3 <i n) 

WjWi — qWiWj {i < i < j < n) 

WiZj - qZjWi (1 < «, J < n, z 7^ j) 

WiZi- z^w^- {l-q^)^ZkWk {l<i<n). 

k<i 

The *-structure on Z^ is given hj z* = Wi (1 < 1 < n). 

In other words, Z^ is the complex involutive algebra generated by the elements 

Zi,Wi {1 < i < n), subject to the relations 

(2.1.1) ZiZj = qzjZi (1 < ^ < J < "n.) 

(2.1.2) WjWi = qWiWj (1 < ^ < i < "H.) 

(2.1.3) WiZj = qZjWi {l<i,j <n,i^ j) 

(2.1.4) WiZ^ = z^Wi + (1 - q^) ^ ZkWk {I < i < n) 

k<i 

and with involution * : Z^ -^ Z^, z* = Wi. For q = 1 this algebra can be interpreted 
as the commutative involutive algebra of polynomials in the n coordinates zi, . . . ,Zn 
on C" and their complex conjugates. 

Proposition 2.1.1.- Zn has as a C-linear basis the collection 

{z^w^ := 2^ . . . 2^<" . . . <^ \X,^eZl}. 
Proof: This is proved with the aid of Bergman's Diamond Lemma (see [B]). D 

Remark: Similarly one can prove that Z^ has a C-basis given by {w^z^ := 
w'^^ . . .wli^"z^" . . .2j^^|A,/U G Z!|:}. This also follows from Proposition 2.1.1 by ap- 
plying the algebra isomorphism which interchanges Zi and Wi {1 < i < n) and sends 
q to q~^. 

For i = 1, . . . , n define the following elements in Z^: 

i 

Qi = y^^zkWk- 
k=i 

Then we have the easily verified identities: 

Lemma 2.1.2.- For 1 < i,k < n and m G Z_|_ there holds 

ZkWk = Qk - Qk-1 WkZk = Qk - q^Qk-i 

ZkQi = q~'^QiZk and WkQi = q^QiWk if k > i 

ZkQi = QiZk and WkQi = QiWk if k < i 

^m^m ^^m.i'^k — l_ _—2\ _rn^m ^^m/_2^k — l_ _2\ 
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Proposition 2.1.3; The element Qn is central in Z^, and for the center Cent{Zn) 
of Zn we have 

(2.1.5) Cent{Z^) = C[Qn]. 

Proof: It is easy to check that Qn commutes with all the Zi and Wi, and therefore 
that C[(5n] C Cent{Zn)- To prove the second part of the proposition we use an 
induction argument. Introduce a total ordering on the basis of Z^ as follows: to the 
basis element z^w^ associate the sequence {A, fx} = (|A| + |/u|, An, . . . , Ai, /Ui, . . . , fXn)- 
Now we declare z^w^ y z^w^ if and only if {A,//} > {p^cr} with respect to the 
lexicographic ordering of elements in Z^"^"*"^. 
Let (j) ^ Cent(Zn) be non-zero. Write 



iZ w^ 



(j) = cz^w^ + X] c^ 



where c 7^ and z w^ >- z w^ for all i. Denote by tl((/>) the highest order part 
of (/) with respect to the ordering as above, so \]{(j)) = cz^w^ . Being central, (j) must 
satisfy (jiZi = Zicj) for all 1 < i < n. So in particular \]{(/)Zi) = \]{zi(j)). But 

u/^^.-\ _ ^^l+■■■+^J,i-l+^^i+l+■■■+^^n.-{^i+l+■■■+>^n) ^^+£iyJ^^ 

where \ + Si = (Ai, . . . , A^ + 1, . . . , A^). Since q is not a root of unity this yields 

(2.1.6) Ai + . . . + Ai_i = -{p,i + . . . + Hi-i + Hi+i + . . . + //n) + Ai+i + . . . + An 
for all 1 < z < n. Taking i = n we get = Ai + . . . + An-i + Hi + . . . + /Un-i, hence 

(2.1.7) Aj=;Uj=0 (l<i<n-l). 

But combining the case z = n — 1 of (2.1.6) with (2.1.7) gives An = Pn- Thus 



n ^n 



CZ''"W'J:" + > CiZ'' W^ 



On the other hand, tl(c(5^") = cz^'^Wn"'. So letting ijj = (p — cQ^ we see that 
1:](V') -< t] (</>)• Applying the induction hypothesis, •0 G C[(5n] and hence (/> = '(/' + 
cQ^ e C[(5n]- This completes the proof. D 

Remark : What we actually constantly use is the following fact: if (^ G Zn is a 
monomial which contains zi and Wi exactly Ai respectively [Xi times (1 < z < n), 
then (/) can be written such that \[<p^ = cz^w^ with c 7^ and A = (Ai, . . . , An), /U = 

(/il, . . .,Hn)- 
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2.2. A V(q{Ql{n))-module structure on Z^. 

Define the Hopf *-algebra Aq{n) = Aq{U{n)) as the free unital complex algebra on 
the generators tij(l < «, j < n), det~^ , subject to the relations 

R+T2T1 = T1T2R+ , det-^detg = 1 = detgdet'^. 

Here R'^ is the R-matrix for root system A^-i given as 



n 



R^ = Yl ^^^'^" ® ^^^ + (9 - 9 ^) Yl ^^^® ^j^ 

i,j = l l<i<j<n 

and detq = detq{T) is the so-called quantum determinant which generates the center 
of Aq{n). It is given by 

detq= ^ (-Q)'^'^^t^(l)l...t^(„)„ 

in which we let Sn denote the group of permutations of the set {1, . . . , n} and /(a) 
the smallest number of transpositions (z z + 1) in which a E Sn can be decomposed. 
For the Hopf *-structure on Aq{n) and further details we refer the reader to [N2] 
or [NYM]. Aq{n) is an example of a CMQG-algebra (cf. section 1.1). 
To this Hopf *-algebra corresponds a dual Hopf *-algebra , the quantized universal 
enveloping algebra Uq{n) = Uq{gl{n)) with generators q'^ {h e P*), Cfc, fk {k — 
1, . . . , n — 1). Here P = J27=i ^^« ^^ ^^^ weight lattice for gl{n) and P* = Hom(P, Z) 
is identified with P via the non-degenerate bilinear form {si^Sj) = dij. Again we 
refer the reader to [N2] for the exact definition and structure maps on this Hopf *- 
algebra . Note that in particular we define the comultiplication A on the generators 
Q^, Cfc and fk as 



(2.2.1) 



The Hopf *-algebra duality between Aq{n) and Uq{n) is defined on the generators 
by 

(2.2.2) {ek.tij) = 6kiSk+i,j 

{fk, Uj) = Sk+l,iSkj- 

Now we have a right *-coaction of Aq{n) on the generators of Z^ as follows: 

6 : Zn ^ Zji (g) Aq{n) 

n 

Zi^y^zk'^ tki 

(2.2.3) ti 



A{q^) : 


= q^®q^ 


A(e,) : 


^qSk-ek + i ^g^^g^^i 


A(/.) - 


= l^fk + fk^q-^"'-"'+'^ 



Wi 1-^ > Wk ® tl 
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Lemma 2.2.1; The map d defined as in (2.2.3) extends to a *-algebra homomor- 
phism on Z^ and satisfies (1.1.1). 

Proof : Extending 5 as a *-algebra homomorphism, we only need to verify that it 
respects the relations (2.1.1-4). One can readily check that this is true if and only 
if we have the following identities in Aq{n): 

tkitkj = qtkjtki (i < j) 

tkitij — tijtki = qtkjtii — q tutkj {i < J, k < I) 

^ki^lj = ^Ijtki (^ 7^ j'l ^7^ 

tUhj = qtkjtU - (1 - 9^) Yl ^*i^^ij (^ ^ ^^ 

i>k 

qiUu = tutlr + (1 - ?') X] hjtl, {i + j) 

j<i 

tki^ki + (1 ~ 9 ) ^^tlitli = tki^ki + (1^9 ) / Akj'^kj- 
l>k j<i 

And this is indeed the case (see for example [Kol], section 2). It is now immediate 
that 5 satisfies (1.1.1). D 

"Differentiating" this right coaction gives a left *-action of the quantized universal 
enveloping algebra Uq{n): 

(2.2.4) X.(t)={id®X)5{(t)) {X eUq{n),4>eZ^). 

Here the dot . denotes the action, and the X in the right-hand side should be 
understood as a linear functional on Aq{n) induced by the Hopf *-algebra pairing 

(., .) : Uq{n) X Aq{n) ^ C as given by (2.2.2). 

Lemma 2.2.2.- (2.2.4) defines an algebra action of Uq{n) on Z^, and satisfies 
X.{(l)iP) = ^(^) (^(i)-</>) {X(2)-i^) ■ Moreover X.(P* = {S{X)*.(P)* for all X e Uq{n) 
and all ^, V' ^ ^n- Here we use the symbolic notation A(X) = Ylix) "^(i) ® "^(2)- 

Note that ii cj) E Z^^ is ^g(n)-invariant, this will imply by definition that X.(^ = 
e[X^(\) for all X G Uq{n). In this case we will say that (/> is Wg(n)-invariant. 

Lemma 2.2.3.- The element Qn is Aq{n) -invariant and hence also Uq{n) -invariant. 

Proof : This follows immediately from (2.2.3), the fact that 5 is an algebra homo- 
morphism and the relation Yllt=i^ik^*jk ~ ^«j-'- (^^^ [Kol, (2.12)]). D 

The corresponding *-action oiUq{n) is given in the following proposition: 

Proposition 2.2.4.- For all h E P* , 1 <k <n — 1 and all A, // G Z" there holds 
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Here X + Ei = (Ai,. . . , Ai + 1, . . . , An). 



Proof: First prove, using (2.2.1 — 4) and Lemma 2.2.2, that for all h G P* , 1 < k < 
n — l,l<i<n and m G Z_(_ we have 



q\zr 


= 


qra{h,e.)^rn 


q\wT 


= 


-m(h,ei) ^m 


fk.zT 


= 


Sik[m]q^2z'^~^Zi+i 


fk.wT 


= 


-qSi^k+i[m]q~2W^~'^Wi-i 


eu.zT 


= 


6i,k+i['m]q~2Zi-iz]^~^ 


ek.wT 


= 


-q~^6ik[m]q-2Wi+iw1'~^ 



by using induction with respect to m. From this one gets that 

gh A __ (h,\) \ 

fk.z^ = q^^+^[\k]q-2Z^-'^+'^+^ 
fk.w^ = -q^''+^[iJk+i],-2W^-"'+^+'' 
ek.z^ = q^''[Xk+i]q-^z^+'''-"'+' 

Combination of this with (2.2.1) will conclude the proof. D 

Remark: One can rewrite this last result a little when using that for all m G Z_|_ 
one has the identity [?n]q-2 = q~'^^'^~^'>[m]q2. It is actually this left-action oiUq{n) 
that we will consider rather than the ^g(n)-coaction, since it is the more easy to 
handle. 

We have the following decomposition of Zn : 

^n= ^ Zn{l,m) 

where Zn{l,m) is the subspace of Z^ spanned by all elements which are homoge- 
neous of degree / in the Zk and homogeneous of degree m in the Wk ■ Note that 
it makes sense to speak of homogeneous elements, since the relations (2.1.1 — 4) 
are homogeneous. Also note that is homogeneous of any degree (/, m). It follows 
from Proposition 2.1.1 that Zn{l,m) has a linear basis consisting of all elements 
z'^w'^ with the property that |A| = /, |/i| = m. Hence the Znil^m) {l,m G Z_|_) are 
finite dimensional. It is easy to check that they are subcomodules of Z„, under d 
(and hence submodules for the action of Wg(n)). Note also that 

QnZn{l - 1, m - 1) C Zn{l, m) 
a.nd 
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Proposition 2.2.5.- Suppose (j) E Znil.m) is Uq{n) -invariant. Then: 

ii) if I ^ m, then = 

{ii) if I = 771, then (p = cQ^ {c E C). 

Proof. We already know from Lemma 2.2.3 that Q^ is Wg(n)-invariant. Suppose 

(j) E Zjiil, m) is Wg(n) -invariant, and write (j) = cz w^ + '^^ ciz w^ where c 7^ 

and for all i there holds z w^ >- z w^ with respect to the total ordering on 
momomials in Z^ (cf. Proposition 2.1.3). As before let t](0) be the highest order 
part of (j) (so tl(</>) = cz^w^). 

Since e{q'^) — 1 for all h E P*, we must have [\{q^^ .(j)) = \\{(j)). But, by Proposition 
2.2.4, we see that t|(g^*.(/>) = cq^^~^^z^w^. Hence this implies that A^ = ^i for all 
1 < i < n, and therefore /= |A| = |/u| = m \i (j) ^ Q. This proves part {i). 
Next we prove (m) using induction with respect to {A,/u}. Suppose / = m and 
suppose that (j) = cz^w^ + V' is Wg(n)-invariant, but not equal to a constant times 
QI^. Here •i/' is a sum of terms which are smaller that z'^w^ with respect to the total 
ordering on monomials. As in (i) we conclude that X = fx, so (j) — cz'^w^ + '0. We 
may assume cz'^w'^ 7^ -^iw'i (if not, then consider (/>— cQl^, which isZ^g(n)-invariant). 
This means there exists a /cq, with 1 < k^ < n — 1, such that A/cq 7^ 0. But since 
e{ek) = (1 < /c < n — 1), we must have that \\{ek-4') = for /c = 1, . . . ,n — 1. 
Hence, by Proposition 2.2.4, we get 

-cq-^q^'^ [\k\q-2Z^w^^^*'+^~^*' =0 (/c = 1, . . . , n - 1) 



I.e. 



Afc = (/c = l,...,n-l) 



So in particular Ajtf, = 0, yielding a contradiction. This proves part {ii), and thus 
the proposition. D 

Lemma 2.2.6.- For all 1 < i <n and each m E Z+ we have 

wTz, = q^'^z.wT + (1 - q^n<~^Q^■ 

Proof: Note that WiZi = q^ZiWi + (1 — q^)Qi. Now proceed by induction with 
respect to m. D 

Corollary 2.2.7.- For all 1 < i < n and each m E Z_|_ one has 

m 

{z^w^T = Y,Ckz\w\Q\ 



^k „,.k r^m — k 
k=0 



for certain coefficients Ck E C[q]. 

Corollary 2.2.8.- For all 1 < i < n and all m,p E Z_|_ one has 
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for certain dk G C[g]. 

Remark: Actually one has that Ck,dk G C[q'^] for all k. 

Suppose we are given the two algebras Z^ and Zg with generators Zi, Wi {1 < i < n) 
and Zi' J Wi (1 < i < s) respectively and suppose s <n. Then we have the following 
canonical embedding 

As,n) . c^ -p^ 

which sends the generators Zi ^Wi of Zg to the first s pairs of generators Zi, Wi {1 < 
i < s) of Zn, and the restriction map 

„(n,s) . 2' ^ 2' 

which puts Zi and Wi equal to zero for i = l,...,n — s and maps Zi, Wi to 
Zi-n+s' J Wi-n+s' respectively for i = n — s + 1, . . . ,n. Both maps are *-algebra 
homomorphisms. So in particular we can view Zn-i{l,m) as lying in Zn{l,m), 
using i('^~'^''^\ 

Furthermore, observe that for l<p<n — Iwe have a natural embedding 
Uq{n — p) ^^ Uq{n) by identifying Uq{n — p) with the subalgebra of Uq{n) gen- 
erated by the elements q'^^ (1 < i < ?^ — p), Cfc, /fc (1 < /c < n — p — 1). In this way 
it is possible to speak of Uq{n — p)-invariant elements in Z^. 

Proposition 2.2.9; Suppose (/) G Zn{l, m) is Uq{n — l)-invariant. Then (j) is of the 
form 

l/\m 

(2.2.5) ct>=Y,Cjz'-^<-'Qi- 

j=o 

Conversely, any (/> of this form is Uq{n — 1) -invariant. Hence the dimension of 
Uq{n — l)-invariant elements in Zn{l, m) equals / A m + 1. 

Proof: Using Proposition 2.1.1 and the commutation relations for the Zi,Wi, we see 
that (p can be uniquely written as 



I m 
i=0 j=0 



Zn ^W^ ^ Piji^Zx, . . . ,Zr^-\,Wx, . . . ,W^-x) 



for certain pij G Z^_i(z, j). Then the action of U.q{n — \) is on the elements pij 
(cf. Proposition 2.2.4). By Proposition 2.2.5 we get that pij = dijdjQ-'^_i, and thus 
(j) = '^jj^ djzl^^w'^~^Q-'^_-^^, which already yields the stated dimension. Since Qn 

is central, we can write Q^^_^ = {Q^ - z^w^y = J2i=oi-'i-)''ak,jiznWn)''Qi~'' , 
where the akj are just ordinary binomial coefficients. If we substitute this in (j), we 
obtain 

lAm j 
j=0 k=0 

Now, after applying Corollary 2.2.7 and changing the summations we obtain (2.2.5). 
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Proposition 2.2.10.- Suppose (/) G Znil.m). Then (j) is Uq{n — 2)-invariant if and 
only if (j) is of the form 

I Am l—j m—j 
j=0 r=0 s=0 

3. The quantized algebra of polynomials on the sphere in C"^. 

In this chapter we construct the quantized algebra of polynomials on the sphere 
^2n-i fj.Q]^ ^]^g algebra Z^ by putting the invariant element Qn equal to 1. Fur- 
thermore we construct an invariant functional on this algebra, give its irreducible 
decomposition into Wq(n)-modules and recover the Uq{n — l)-invariant elements, 
the so-called zonal spherical functions, as g-disk polynomials. Finally we obtain an 
abstract addition formula for these g-disk polynomials. 

3.1. Definition of Z^ and invariant functional. 

Consider the following projection map: 

Denote the images of the generators Zi,Wi of Z^ under it by the same symbols, 
and define S on those images as in (2.2.3). This gives a well-defined coaction of 
Aq{n) on Zn, since Qn is a trivial element for the ^g(n)-coaction. So we have the 
following commutative diagram 



(3.1.1) 



Zn®Aq{n) > Zn^Aq{n). 



The algebra Z^ plays the role of quantized polynomial algebra on the (2n — 1)- 
sphere S'^'^~^ within C"^, and was introduced in [RTF]. It is the same as the algebra 

A{K\G) of [NYM, section 4.1]. 

Recall from section 1.2 that we call a linear functional h : Zn -^ C ^g(n)-invariant 
if (h ® id)6{(p) = hJJ>)l for all (p e Z^. This wiU imply, see (2.2.4), that h{X.(p) = 
e{X)h{(/)) for cp E Zn and X G Uq{n). In other words, h will be Wq(n)-invariant. 

Proposition 3.1.1.' On Zn we have a unique normalized, positive definite Uq{n)- 
invariant functional hn '■ Zn ^> C given by 



In- 



(q ^;9 ^)|A|+n-i 

The proof of this is analogous to [NYM] Proposition 4.5, and uses Proposition 2.2.4. 
Remark: One can write (3.1.2) equivalently as 

(3-1-3) {q';q')x,...{q';q')xAq';q')n-i 



(^2. ^2\. 
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Lemma 3.1.2; For all a, (3 ^ Z_(_ and any continuous function f there holds 
f{q~'^x)x''{x;q~^)/3dqX = q'^^"'+^^ / f{x)x'^{qx]q)pdqX. 



'0 ^0 

Proof: We have 



„1 oo 

/ f{q-Px)x^{x- q-')pdqx = (1 - g) ^ f{q'-V{q'; q-')pq' 

oo 

^{l-q)Y.f{q'-^)q'''{q';q-')^q' 
k=f3 
oo 
= (1 - q) 5^ /(g/=)g(/=+/3)a(^/c+/3. g-l)^gH 

A;=0 

oo 



k=0 

^/(«+l) f f(x)x''(qx;q)pdqX. 
Jo 



a 



Consequently we get 



x-ix; q-'),d,x = /(-+i)(l - q)i^lll^iSllk 

since the right-hand side in Lemma 3.1.2 just represents the g-beta integral in case 
/ = 1: 

x°'{qx;q)f3dgX = (1 - q)-7^ — ^ — -. 
W;9ja+/3+i 

Proposition 3.1.3.' In Z^ we have that span{z^w^\X G Z,^q} = CfQi, . . . , Qn-i], 
and for each (/) = (/>((5i, . . . ,Qn-i) G C[(5i, . . . ,Qn-i] the value of the Haar integral 
on (j) is given by the following multiple Jackson integral: 

II .../ (piQl,. ..,Qn-l)dq2Ql.. .dq2Qn-2dq2Qn_i. 

Jo Jo Jo 

Proof: The first statement follows from Lemma 2.1.2. Hence we only have to verify 
that (3.1.4) is true for any monomial z'^w^. From Lemma 2.1.2 we get 

z'w' = Ql^Q',^ . . . Qt'iH^; Q-')x2 (§^; Q-')xs ■ ■ ■ (Qn-u q-')x^ . 

Now substitute this into the right-hand side of (3.1.4), and use that for the general 
g-integral one has 

(3.1.5) / f{-)dqX = c f{x)dqX. 

Jo c Jq 

Then, by successive use of Lemma 3.1.2, one checks that (3.1.4) yields the same as 
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Proposition 3.1.4; The *-algebra homomorphism \1/ : Z^ ^ Aq{n), Zk ^-^ tnk is 
well-defined, intertwines d and A and is infective. So we can apply the results of 
section 1.2 with A = Aq{n) and Z = Zn- 



Proof: It is straightforward to verify ttiat \1/ is well-defined and intertwines 6 and 
A. Now let us first view \1/ as a map from Z^ to A{Matq{n)) (g) C[det~^] (cf. 



notation in [NYM, section 1.1.]), where we assume det 



^ to be a central element 
Suppose 



detq ^detq to hold. 



which contains a^j factors tij 



but do not assume the identities detqdet~^ = 1 = 
(^ is a monomial in the elements tij (1 < i,j < n) 
(1 ^i-ij "^ ^). Again we can arrange things in such a way that (j) has leading term 
t^ = tlY ■ ■ ■ ^in"^2f • • • ^2n" • • • '^nT (so we use the following total ordering on the 
generators tij-. tij ^ tki ii i < k or i = k and j < I ). We know from [Kol, Thm. 
3.1] that monomials in the tij corresponding to different matrices are linearly inde- 
pendent in A{Matq{n)). Hence, since we know a linear basis for Zn, we must show 
that the matrix A(A, /u), corresponding to '^{z'^w^), is different for different choices 
of the pair (A, fx). For this, it suffices to look at the leading term of "^(z^w^). 
Recall that t*j = S{tji) = {—qy~^det~^Dn, where Dj- is the quantum minor- 
determinant corresponding to the sub-matrix of the matrix (tij) obtained by delet- 
ing the i-th row and the j'-th column. The leading term of D~f- is equal to a constant 



.t. 



I to 



..t. 



7 t"7 



..tr 



«J 



times til . . . ^3-1,3-1^3,3 + 1 • • • ''i-l,i''i+l,i+l 

oi<i>{z^w^) = t^i...t^;^(t;j^"...(t;i)^i 

equals a constant times detq '^'t^^^'^\ where 



^ if i > J. Hence the leading term 

const.det~^^^+^^ +^" '~'^" 



vq t^i . . 



t^^Dt 

^nn-^nn 



nl 



A{X,^) 



/O ... 

... 
VAi ... 

/ \n\ — nil 




V 








o\ 



+ 





An/ 

mi 

\lj\ - 7712 



I \\x\ — m\ 






V Ai 





m2 








m2 



m 



\ 





m„_i m^-i 
/ 



\[i\ -mn-i 



\ 




rrir 



An / 



Here we used the short- hand notation ruk = /Ui + . . . + /Ufc. Obviously, different 
pairs (A, /u) yield different matrices A(A,/u), which shows the linear independence. 
Finallv. using the identitv V? . t^A-a^^-'^D .^ = d.et„ in A{MniAr)^^ ffKol. 
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Remark : From this it follows that the algebra A{K\G) from [NYM, section 4.1] 
has no additional relations to the relations (4.9.a-d) (loc. cit.). This fact was 
already noted in [VS, Thm. 4.4]. 

3.2 Irreducible decomposition. 

With the invariant functional hn one can define an invariant inner product on Z„, 
as follows: 

(3.2.1) {.,.): Z^xZr^^C 

((/>,V):=/in(r</')- 

This non-degenerate bilinear form then satisfies {X.(j),'i(j) = {(f),X*.t(j) for all X G 
Uq{n), and all (j),'^ E Z^. So in particular (g'^.c^, -0) = ((/>, g'*.'0) for all h E P* and 
all 4>,il^ E Zn- 

Put Zn{l,m) := 7r(Z^(/,m)), and let Hn{ljm) be the orthogonal complement with 
respect to the inner product (3.2.1) of Zn{l — 1, to — 1) in Zn{l, m) (recall that we 
had QnZn{l — 1, m — 1) C Zn{l, to), hence Zn{l — 1, to — 1) C Zn{l, m)). So we have 
the orthogonal direct sum decomposition 

Zn{l, m) = Zn{l - 1, TO - 1) © Hn{l, m). 

Lemma 3.2.1.- The mapping it : Zn{l,m) -^ Zn{l,m) is injective. 

Proof. This is a consequence of Proposition 2.1.1 and the fact the the element 
Qn — 1 is not homogeneous. D 

From this lemma it follows that n : Zn{l,m) -^ Zn{l,m) is an isomorphism, and 
hence we obtain from Proposition 2.1.1 that 

(3.2.2) dimi;(/,m) = dimZ.(/,TO) = (^^ + ^-^)(^^+^-^ 

and 

dn{l, m) := dim Hn{l, m) = dim Zn{l, m) — dim Zn{l — 1, m — 1) 

(3.2.3) _ (^i + rn + n-l){l + n- 2)!(m + n - 2)\ 

~ /!m!(n-l)!(n-2)! ' 

Moreover we have the decomposition 

(3.2.4) ^n= Yl ^nil,m). 

If we write Ti.n{l,m) for the inverse image of 1-Ln{l,m) under tt : Znil.m) 
Znil.m), there is the direct sum decomposition 
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Proposition 3.2.2; We have the orthogonal decomposition into inequivalent, irre- 
ducible Uq{n) -modules 

lAm 

(3.2.5) Znil, m) = ^Hnil - k,m - k). 

Proof : It is clear, by the definition of the spaces TLnir, s), that Z^il, m) allows the 
orthogonal direct sum decomposition (3.2.5). Irreducibility of the spaces Tinil — 
k,m — k) follows from Proposition 1.2.1: each non-trivial Wq(?i)-invariant subspace 
of a given Hn{l — k^m — k) should contain at least one Uq{n — l)-invariant element. 
But there are, according to Proposition 2.2.9, only / A to + 1 linearly independent 
invariant elements in the space Z^il, m). Hence none of the spaces Hn{l — k,m — k) 
contains a non-trivial invariant subspace. 

To prove inequivalence, assume that 7i^(/ — /c, m — k) ~ 7in{l — k', m — k') for k ^ k' . 
So in particular dn{l — k,m — k) — dn{l — k'^m — k') —: N. Take orthonormal 
bases {ei}fLi and {/jj^Li in the respective spaces and construct the elements Co = 

X]i=i ^i^i)^i ^^^ Co' = '^j=i ^ifj)fj ^s in the proof of Proposition 1.2.1. By linear 
independence it follows that not all of the e{e*) and £(//) can be zero. 
Furthermore, put r] = J2k=i ^k ® fk- Again we will have that A Kl A(?7) = r] ® 1 
and A(?7) = ?) ® 1 where fj = J2k=i^kfk (cf. Proposition 1.2.1). From this and 
the orthogonality of the spaces Hnil — k,m — k) and Hnil — k\m — k') we obtain 
e{ri) = hn{fi) =0. 

Finally, put ryo = X]a;=i ^ifk)^k ^ ^n(^ — k,m — k). Then rjo ^ 0, since not all of 
the £(/^) are zero and the e^ are linearly independent. Moreover £(?7o) = £(??) = 0. 
But this means that we have two linearly independent invariant elements within 
'Hn^ — k,m — k), namely (o and r]o (linearly independent since £(Co) > and 
e{r]o) = 0). This gives a contradiction, hence the two spaces Hnil — k^m — k) and 
7i„(/ — k' ,m — k') cannot be equivalent. D 

Remark : Using exactly the same argument as in the proof of the previous propo- 
sition, one shows that the modules HniljtTi) are inequivalent for different choices 
of the pair {l,m). 

From the proof of Proposition 3.2.2 we immediately obtain that each 7i„(/, m) con- 
tains a unique, up to constants, Uq{n — l)-invariant element. It is called a (zonal) 
spherical function, or just a spherical element. 

Lemma 3.2.3.- If {l,m) ^ (/',m'), theniinil.m) J-Hnil'^m'). 

Proof: Suppose first that I' — I = m' —m, and say this is non-negative. This means 

that /' = I -\- k,m' = m -{- k for some k > 0. But then ?i„(/,m) and Hnil'^m') 

are contained in the same space Zn{l',m'), and hence orthogonal by Proposition 

3.2.2. 

On the other hand, if /' — / 7^ to' — to, pick (j) G ?in(/, ?t^) and i/j G Tinif' , m'). By 

invar iance of the inner product we have 
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Since we assumed that I' — I ^ m' — m and since q is not a root of unity, this gives 

Corollary 3.2.4; There is the orthogonal, irreducible decomposition into inequiv- 
alent Uq{n) -modules 

^=0 ^n(/,m). 

Proof: This now follows from the decomposition (3.2.4) together with Proposition 
3.2.2 and Lemma 3.2.3 (see also the remark following Proposition 3.2.2). D 

3.3 Zonal spherical functions. 

Let us write ?/'(/, to) for a spherical element contained in Tini}, rn), which is unique 
up to constants (see Remark after Proposition 3.2.2). Suppose now that {l,m) ^ 
(/', m'), and assume that I — m = I' — m' = (3 > 0. From Proposition 2.2.9 and 
Lemma 2.1.2 we know that 



m 



i=o 

for certain polynomials Pm.Pm' of degree m and m' respectively. As a consequence 
of the orthogonality of the spaces Tinil, m) and Hnil', m') we have 

= (?/'(/', m'),^(/,m)) = hn{Pm{Qn-lTw^Z^Pm'{Qn-l)) 
= hn{Pm{Qn-iyPm'{Qn-l){q^Qn-i;q^)l3) 

(cf. Lemma 2.1.2). Now note that 

(3.3.1) / .../ d,.Q,...d,.Qn-2 = y^ Q:^:?, 

Jo Jo [Q jQ )n-2 

so we obtain from Proposition 3.1.3 

0=/ PmiQn-l)Pm'iQn-l)Qn-liQ'^Qn-i;q'^)f3dq2Qn-l {m^m'). 

Jo 

But letting m and m' vary over Z+, these are exactly the orthogonality relations 
for the little g-Jacobi polynomials Pm (Qn-i'i 'f') with upper parameters n — 2 

and [3. In other words, there exist constants c^ G C such that 

P^(Qn-i) =c^Pir-2'/3)(Q_i;Q2) (mGZ+). 

Thus we obtain that in case / > m a general spherical element in li.n{l^ frt) is given 



1 J • 1 _ r 
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Similarly one can consider the case where m — I = m' — I' = (3 > 0: 

for certain polynomials s;, s^ of degree / and /' respectively. In this case the or- 
thogonality of the spaces 7i„(/, m) and Tinil'i "^') will yield 

= /l„(sKQ-'^Qn-l)*SZ'(?-'''Qn-l)(Qn-i;r')/3) 

and thus, using (3.3.1) 

0= / Si{q--'PQr,.i)sv{q-^PQr,.i)Ql-_l{Qn-i;q-^)l3d,2Qu-i. 
Jo 

Here ones uses the equalities ZnQn-i = (l~'^Qn-iZn, Qn-iWn = Q~^'WnQn-i, and 
z^w^ = {Qn-i;q-^)f3 (Lemma 2.1.2). 
Observe that Lemma 3.1.2 gives us that 

0= / Sl{Qn-l)si'{Qn-l)Q'^Zliq'^Qn-l]q'^)l3dq2Qr,-l 

Jo 



which gives 



sz(Q,_i)=rf;P/"-''^)(Q^_i;Q2) (leN) 



for certain di G C In other words, the spherical elements of 7i„(/, m) for I < m are 
constant multiples of 

P/^-''^-^^(Qn-i;?^X-' (/<m). 

Summarizing we have 

Theorem 3.3.1.- For arbitrary l,m E Z_|_, the Uq{n — l)-invariant (i.e. zonal 
spherical) elements in 7Y^(/, m) are constant multiples of 

(«) 2 / zl-^P^^-^^'-^HQn-i-.q^) {l>m) 

(P; '{Qr,-i;q')w';^ {l<m). 

Remark : This result was already obtained in [NYM, Thm. 4.7]. 

Finally we will calculate the norms of these spherical elements, since we will need 

them later on. 

First let us assume that I — m = (3 > 0. Recall that 

/ Rl"r^^\zn,Wn;q'^yRl''~^\zn,Wn-,q'^)Q'^Z'idq2Qr,-l = 

Jo 

P^^-^^^\Q^.,;q^)P^^-^^^\Q^.,-q^)Ql-_l{q^Q^-uq^)pdq.Q^.,= 
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Thus 

)('^-2)/^ ,„ . ^2\ p(n-2)/ 2^ 



)n-l 



■X 



(1-Q2)n-1 
1 rQn~i rQ2 



^0 ^0 

X 



^Z m ^ {Zn,Wn] Q^Y Riln (^^i: Wn] q^)dq2Qi . . . dq2Qn-l 



Jo 

1 _g2(n-l) 

/ Pl^-^^P\Qr..r,q^)Pl^-^^^\Qr.-i;q^)QlZ\{q^Qr.-i;q^)pd,2Q^., 
Jo 

_ (1 - Q2(n-l))g2»^(n-l) (^2. ^2)^(^2. ^2)^ 

1 _ q2{u+l+m-l) (g2(n-l). g2)^(g2(n-l). ^2)^ • 

Similarly, in case m — / = /3 > we saw that (cf. Lemma 3.1.2) 
{q';q'Y-i (1 - qT"'.. 



(1-Q2)n-1 (^2.^2; 



n-2 



^0 



1 ^2(n-l) 
1-Q 



2 Q-^ ^X 



fpl--^^P\Q^_,-q^)pl--^^^\Q^_,-q^)Ql-_l{q^Qn-l-,q^)pd,2Q^.,. 
Jo 



Thus, in case to — / = /3 > we get 



{q^]q^)l{q^]q^), 



\^i,m y^n,Wn,q ),ni^^ [Zn,Wn,q )) - ^ _ 2{n+l+7n-l) ^ 



Im 



(g2(n-l).g2)^(g2(n-l).g2)^ 
(1 _ g2(n-l)^^2m(n-l) 
1 _ q2{n+l+m-l) ^ 

C^2fn-l).^2V/'^2(n-l).^2^ ' 
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Proposition 3.3.2; If l,m G Z_|_ are arbitrary, then the norm of the polynomial 
Ri%{zri,Wn]q^) is given by 



(a)^l 



\ l.m' 



in which 
(3.3.2) c 



(a) ^ (l-g2(a+l))g2n.(a+l) (^2.^2)^(^2.^2)^ 

^"^ 1 _ g2(a+Z+m+l) (g2(a+l).g2)^(g2(a+l).g2)^ 



anc? a = n — 2 G Z_|_. 

Remark : Note that cj'^ is not symmetric in I and m, unlike in the classical case. 
We remark that 

= hn{Rl^l{Zn, Wn] q^)* R^^\{Zr,, Wn] <?^)) 

since Rl°^{zn, Wn.q^)* = R^]l{Zn, Wn]q^). 

3.4 Associated spherical functions. 

Suppose we are given the *-algebra Z^-i with generators Zi , w/ (1 < i < n — 1) and 
with corresponding projection tv' : Z^-i -^ ^n-i- Recall that we had the embed- 
ding <,("'~i'"') : Zn-i{r, s) ^^ Zn{r^ s) (r, s G Z_|_). Then, using the map yroi^"^"^'") o 

(7r')~\ one can identify (/) = (/)(2',ty') G Z^_i(r, s) withQ^li Vl-^Qn-i^ '"'Qn-i) ^ 
Zn,{r,s). 

Given l,m & Z_|_ and 0<r</, 0<s<m, define the following elements in 

Z„(/,m): 

^P{l,m;r,s)=Qk^'-'^'"~'^Rt;^^:t'\z^Q-Kwr,Q~-';q^)x 

Denote their restrictions in Zn{l, m) via n by the same symbols. 

Proposition 3.4.1.- In Z^ there holds {'i/j{l' ,m';r' , s'),'i{j{l,m;r, s)) = whenever 
{I' ,m' ,r' ,s') 7^ {l,m,r,s). Moreover 



I — (72(q+1) 

{il:{l, m; r, s), V'(/, m; r, s)) = -^r;;^^^^^c\'_'^"^y/^-^^ 



\ — Q2{a+r+s+l) ^l-r,m-s^r,s 



in which a = n — 2. 
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If we do, then it follows that RiZr^m-s {zn,Wn]q^yRii'_r',m'-l' is ^ polynomial 
in Qn-i, and hence (see Lemma 2.1.2) 

'(/'(/, m] r, s)*'i/j{l' J m'; r', s') = 

(ri-2+r+s), 2YT>{n-2+r+s) , .„ . ^2x 

^l-r,m-s \^n,Wn,q ) n,^> _r> ^^n' -s' K'^ri, Wn, Q JX 

„i(r+s+r'+s')p(n-3)^^ , '• «2n * p("-3) /^ / „„ /. 2n 

_ l_ _ l_ 

Here we used the short-hand notation Zn-i = Zn-iQ^-i^Wn-i = Wn-iQn-i- 
Observing that the third line is a polynomial in 'a""^ , since we assumed r — s = 
r' — s', we can now calculate the value of /i„ using (3.1.4), (3.3.1) and (3.1.5): 

(„2. „2\ /I _ „2\n-3 

h^Wl,m;r,sr^{l',m';r',s')) = , , %t - 1 r 2 2! >< 

(1 -Q2)n i (g^;g2j^_g 
(/ 4r'H^n-l',«^n-l';?')*4";'^(-^n-l',«^n-l';?')(Qn-2')""'rfg^Qn-2')x 

where in the first integral the primed elements are now considered as elements of 
Zn-i- Thus (cf. Proposition 3.3.2) this becomes 

-Orr'Oss' {l-q2)2 ^ _ g2(n-2) ^r,s 

[ T3{n-'2+r+s) , 2N*p("-2+'-+s) / . «2N^n-2+r+s , ^ 

/ ^z_^^_s [Zn,Wn,q ) ni,_^, ,_^,{Zn,Wn,q )Qri-l dq2Qri-l 

Jo 



1 ^2(n-l) 1 „2 

-*- ~ y ("-—3) -*- ~ y 

)ZZ'0mm'0rr'0ss' ^ _ 2 '^r.s ]_ _ 2(n-l+r+s) "^Z-r.m-s 



XX XX -^ Jn-3) -*- ~ 9 ^{n-2+r+s) 



1 „2(n-l) 
XX XX i- - q ^ {n-2+r+s) (n-3) 

<JWOm.rn''Jrr'Ofi!,'- ^7 ;" ^C, „_ „ C „ ' 

9^ 



>ll"^mm"^rr"^ss' ^ _ 2{n-l+r+s) '-l-r,m-s '-r,s 



which proves the proposition. D 

Proposition 3.4.2.- For fixed I and m, '^{l^m]r,s) G T-CniljtTi) for all < r < I 

and all < s < m. Moreover, F G ?i^(/,?B) is Uq{n — 2)-invariant if and only if 
F G span{'Ll:{l^m] r, s) | < r < /, < s < m}. 

Proof : For 0<j</Am, < r < I — j, < s < m ~ j consider the elements 
Qiii^il —J, m — j; r, s) in Zn{lj m). Their restrictions to Zn are mutually orthogonal 
by the previous proposition, hence they are linearly independent in Zn{l, m). Since 
they are all Wg(n — 2) -invariant, they will span the entire space of Wg(n — 2) -invariant 
elements within Z„,{l,m) because of their number (cf. Proposition 2.2.10). In the 
same way all elements Ql^i^il — j^m — j^r, s) with 1 < j < I A m and < r < 
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orthogonal to the whole of Zn{l — 1, to — 1), hence belong to TCn{l, m). Because of 
their number the second part of the proposition is also clear. D 

For given /, m G N and 0<r</, 0<s<m put 

Then clearly Tin (^7 "^; ^7 s) d Zn{l,m) {0 < r < I, < s < m). 

Lemma 3.4.3.- For all < r < I and all < s < m we have the inclusion 

Hn{l, to; r, s) C Hn{l, rn). 

Proof : As Uq{n — l)-modules there is the isomorphism TCn{l, m; r, s) = ?i„_i(r, s). 
Since T-Cn-i{r, s) is an irreducible Uq{n — l)-module (for it is isomorphic to the 
module Hn-i{r, s)), and since ^ipil^m-.r.s) G TCn{l,fn;r,s), we know that Uq{n — 
1).'0(/, to; r, s) = Ti-nil, m; r, s) for all < r < / and all < s < to. On the other 
hand, '^{l^m]r,s) G Tinil.m) (Proposition 3.4.2), hence Uq{n — l).'^{l,m]r,s) C 
T-Cn{l,m). Thus we see that Hn{l,m]rj s) C 7in{ljrn) for all < r < / and all 
< s < m. D 

Proposition 3.4.4.- We have the following direct sum decomposition into irre- 
ducible Uq{n — 1) -modules 



(3.4.1) 7^^(/,^) = 007^^(/ 



I m 

" ',„'', TO;r, s] 

r=0 s=0 



Proof : From the previous lemma we get that the direct sum on the right hand side 
is contained in Tinil.m). Counting dimensions gives the equality. D 

Write Tini}, m;r, s) = niTinil, to; r, s)). 

Proposition 3.4.5.- We have the following orthogonal decomposition into irre- 
ducible Uq{n — 1) -modules 

I m 

(3.4.2) Unil, m) = 7in(/, m; r, s). 

r=0 s=0 

This proposition follows from the previous one and the following 

Proposition 3.4.6.- // {7r'((7i(r, s)) : i = 1, . . . , dn-i{r, s)} forms an orthonormal 
basis for Hn-iir, s) with respect to the inner product defined by hn-i, then the 
set {( ,_;7cC:;:-i) cttTj'Y'^Ri^-r'^TH^n, w^- q^Mg,{r, s))} wUh 0<r<l, 
< s < m and z = 1, . . . , dn-iir, s) forms an orthonormal basis for Tinif, ^) with 
respect to the inner product on Z^ defined by hn ■ 

Proof : The proof of this is along the same lines as the proof of Proposition 3.4.1.n 
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3.5 Addition formula for g-disk polynomials. 

We are now at the stage where we can state the addition formula for the g-disk 
polynomials. For this we use the concrete realization of Zn as a *-subalgebra of 
Aq{n) as in section 3.1. 

So let us identify Zi = tni, Wi = t*^. It should be noted that under this corre- 
spondence the coaction 6 is merely the comultiplication A. Write r for the anti- 
linear involutive algebra automorphism * o 5" from Aq{n) to Aq{n). We know that 
T{tij) = tji, since t*j = S{tji) = {—(iy~^iijdet~^ where ^u denotes the quan- 
tum minor determinant corresponding to the two subsets /, J C {1, . . . , n} (with 
7^(7) = 7^(J)). So in particular we get T^Zn) = Zn- Moreover, recall from [NYM, 
(3.2)] that 

(3.5.1) (DuT = S{Djj) = sgn,(J;J% ^^^^^ 1 

in which /^ denotes the complement of / in {1, . . . , n} and 

/n J^0 




where /(/; J) = i^{{i,j) E I x J \ i > j}. Using (3.5.1) we see that 5'(t*^) = tnn, 
whence T{wn) = Wn- So we conclude that r((5n-i) = Qn-i- 

As observed in a remark in section 1.2 we can exhibit 7in{l,Tn) as the row space 
y4.7r(i) for certain tt G S such that tth = Ri^ {zn,Wn]q^) (since it is easily seen 

that e{B}[l^ {zn,Wn;q^)) = 1). The basis elements {nu} then correspond to the 
elements as given in Proposition 3.4.6 with r + s ^ 0. By virtue of that same remark 
and the fact that for tt G E one has {id (8> r) A(7rii) = ^^ ivik ® TTik, we can write 



{id ® r)Ai?;;^ ^\z^, Wr,; q^) =/in(i?!,l '^(^n, Wr,- q^ R^^m ^^'^^^ «'-! ?'))x 

I m dn-i{r,s) 



r=0 s=0 i=l 

«zTm,r,s^f-r,m-7'^(^n, Wn, q^)'K{g^{r, s)) 

where ai^rn,r,s = i_ ~^(„+r+s~i) CiZr^rn-s ' Here we choose the orthonormal bases 

{(7j(r, s)} for all r, s E Z_|_ in such a way that (7i(r, s) = {cr^s )~^Qn-i ^ 

Rr^s {zn-iQn-i^'^ri-iQn-i)- ^et US puU this equality in 7Yn(^, ^) ® 'Hn{l,f^) 

back to T-Ln{l,m) ^T-Cn{l,m). We get 

(3.5.2) 

(n f^n )Ul+m)r.{n-2) Ald0T)A{Zn) {id T)A{Wn) o. _ (n-2) 

{Qn ® Qn) 2 {Qn ® Qn) ^ 

I m dn-i(r,s) 

TT T a7l^0k^'-''+--'^Rt:tl:t'\znQnKwnQ-'^-q')gAr,sm 
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Now recall the projection p^"^'^) : Z^ ^* Z2 which puts ^i, . . . , Zn-2-, m'i, • • • , ^71-2 
equal to zero. Let us write 7, 5, — g"^/?, o: for the generators Z\ ^z-i ^W\ ^w-i of 
Z2 respectively. We also will write D for the generator of the center of ^2: -D = 
Q;*a+77* = ba — q~^(5^. Another way of writing D is -D == Q;Q;*+g^77* = ad — q/3j. 
Having this, we can write the projection p^"^'"^' as 



(3.5.3) 





-^Z2 




Zi.Wi - 


-^0 


(z = l, 


^n— 1 


-^7 




Zn - 


-^S 




Wn-1 - 


-7* = 


-Q-'P 


w„, - 


-^r = 


a. 



n-2) 



Lemma 3.5.1.- For 0<r</, < s < m pick a basis {gi{r, s)} of T-Cn-i{r, s) 
such that in each case gi{r, s) = (c^X 0~^Qn-i "" Rr^s~ (zn-iQ^li^Wn-iQ^li)- 



Then: 

Proof : From Proposition 3.4.4 we have the decomposition 



Hn-i(r,s) = 007^„_i(r,s; 



11=0 v=0 



^(",2) I 



This immediately yields that ^ ' \nn-i{r,s;u,v) 7^ if and only if {u,v) = (0,0). 
Since Tin-iix-, ^'^ 0; 0) i^ ^^e one-dimensional space spanned by (71 (r, s), the lemma 
now follows from an easy computation. D 

Lemma 3.5.2.- {id ® r) A(^^) = X]r=i '^k ® Zk 
{id ® r)A{wn) = ELi q'^^'^'^'^Wk ® Wk. 

Proof : The first equality follows directly from (2.2.3) and the fact that T{tij) = tji. 
As for second one, use (3.5.1) to obtain r(t^^) = q^^^~'^^Wk- Combining this with 
(2.2.3) yields the stated result. D 

Corollary 3.5.3.- {id® p^''^'^'i){id® T)/\{zn) = z^-i ®'^ + z^^S 

{id (g) p<^"'2)) (i(i (g) T)/\{Wn) = q^Wn-l 7* + Wn (8> 5* = -qWn-1 ® (3 + Wn®a. 

Proof : Immediate from (3.5.3) and the previous lemma. D 

Consider the *-algebras X and y generated by the elements 

X: Q = Q^ y-. D = D 

Xl = Zn-l Yi=J 

(3.5.4) X* = «;„_! y; = 7* 
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and with *-structures 

Q* =Q D* = D 

(3.5.5) {XiY = X^ (Yi)* = Y{ 

iX2T = x; {Y2y = Y;. 

(so we merely changed notations). It is straightforward from (2.1.1 — 4) that the 
following relations are satisfied: 

Lemma 3.5.4.- One has: 

X1X2 =qX2Xi 

X1X2 =qX2Xi 

X*X2 =q^X2X* + (1 - q^)Q 

X*Xi =q^XiXl + (1 - q^){Q - X2X*) 

(3.5.6) Q central 

Y^Y2 =qY2Y^ 

Y^Y2 =qY2Y^ 
YiY^ =Y^Yi 

D =Y^Y* + Y2Y* = q^Y*Yi + Y*Y2. 

Remark : Centrality of Q in A" does not follow automatically from the first four 
relations above, but is imposed on the algebra X. However, D is clearly central. 

Write B = X ^y and identify Xi with Xi ^1 E B, and so on. We will prove that 
the relations in Lemma 3.5.4 are in fact the only non-trivial relations in B. 

Lemma 3.5.5.- A linear basis for X is given by the set of all monomials 
{XIXS,{X^Y{XIY{Q'Y I r, s,t, u,ve Z+} where Q' = Q - X^Xl - X2XI. 

Proof : Rewrite the relations in X in terms of Xi, X2, Xi, X| and Q' as follows: 

X1X2 = qX2Xi 

X-^X2 = qX2X-^ 

X*X2 = X2X* + (1 - q^){Q' + XiX*) 

X*Xi = XiXl + (1 - q^)Q'. 

From this it readily follows that X is spanned by all the monomials as in the lemma. 
Hence we only need to show linear independence of this set. For this it suffices to 
show linear independence of the highest order terms, which, as elements of Z^, 
equal 

^{x[xi{x*Y{x*nQr) = ^«_i^»::_i(Qn')") 

— ^n-l^n'^n^n-l^n-2^n-2- 

By virtue of Proposition 2.1.1 these are linearly independent as elements of Z„, 
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Proposition 3.5.6.- A linear basis for B is given by the set of all monomials 

{Xi ® iYiX2 ® iy{xi ® i)*(Xi* ® i)"(g' ® 1)^(1 ® Yi)''{i Y^Yii ® y2)'"(i ® 1^2*)^ 

where k, /, to, p, r, s, t,u,v E Z+ . 

Now we can prove: 

Proposition 3.5.7; The relations (3.5.6) are the only non-trivial relations among 
the generators of B. 

Proof : Write S for the *-algebra with abstract generators Xi, Xi, X2, X2, Q and 
Yi, Y*, Y2, Y2 ■, D and relations (3.5.6). Furthermore impose that all of the first five 
generators commute with all of the last five ones. The *-structure on £ is given by 
(3.5.5). From (3.5.6) we see that £ is spanned by all the monomials of the form: 
X{X^{X^)\XlY{Q'YY^{Y^yY^(Y-^)P with kj,m,p,r,s,t,u,ve Z+. As before 
we put Q' = Q — XiX* — X2X2 . There is a unique surjective *-algebra homomor- 
phism : £ ^ B sending Xi, X2, X|, X*, Q' , 

Yi,Y*,Y2 and Y^ to z^-i ® 1, ^^ ® 1, w^ ® 1, w^-i (g) 1, Q^' (g) 1, 1 (87, 1 (g) 7*, 1 (g) 5 
and 1 (g 5* respectively. It now easily follows from Proposition 3.5.6 that this is 
actually an isomorphism. D 

With the notation as in (3.5.4) and with the aid of Lemma 3.5.1 and Corollary 
3.5.3, we can write down the effect of applying id® p^"'^) to (3.5.2). It reads: 

^f,T'^(^i®^i + X2®Y2, q^xi ® y; + x* ® y*,qd- q^) = 

I m 

(3.5.7) Y: E ^t?A-r"r::t'^ (^2, X*, Q; q')R^-'^ (X^, X*, Q - X2X*; q^) 

r=0 s=0 







® Rt~rT-T\y2, Yi. D, q')Y{iY,r 


in which (a = 


= n - 


-2) 

J°) _J«)„-i /Ja-l)^-l 

^l,m;r,s ^l,m^l,m,r,s\^r,s J 


(3.5.8) 




1 _ q2{^+r+s+l) cf^ 




1 _ Q2(a+1) (a+r+s) (a-1) 



and CiJ^ is as in (3.3.2). Here we employed the following 
Notation : For a > and l,m E Z_|_ we put 

(~1 AID 

C-A'— Pi"''— )(^-^;q) (/ > m) 

(3.5.9) R\':i{A,B,C-q)={ r - AB 

C'P/"'"^"' V ^ ■.q)B^-' {I < m). 



Then i?['^(-2n, w^, 1; q^) = Pj'^(-2n, w^; q^). 



(«), 



Let us have a closer look at these polynomials R\^{A, B, C; q): 



( 



Ti^'^h A R r-n\ 



l.^^ {q-^:q)k{q-+'+^:q)k , C-AB ^ 
Z. (q-+1;q),(q;q), ^^ C ^ 
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in the respective cases / > m and I < m. So the polynomials are rational in g°^. 
Hence (see also (3.3.2)) both sides of (3.5.7) are rational functions ofq". Multiplying 
with a suitable factor, we will obtain from (3.5.7) an identity which is polynomial 
in g" and holds true for a = 1, 2, . . .. But then obviously the identity is true for all 
a > 0. 

Finally, let a : y ^ yhe the automorphism that sends Yi to —qY-^, Y-^ to — g~^Yi, 
and fixes I2 and Y2 (which comes down to interchanging jS and 'j in Z2). If we 
now apply id ^ a to (3.5.7) we end up with: 

Theorem 3.5.8.' Suppose we are given the abstract complex *-algebras X and y 
with generators Xi, X2, Xj^, Xj, Q respectively 11,125^1*5^2*5-^; relations (3.5.6) 
and ^-structures (3.5.5). 

Then, for arbitrary a > and arbitrary l,m E Z_|_ we have the following addition 
formula for q-disk polynomials: 

B!Ql{-qX^®Y* +X2® I25 -qxi ® ii + x* ® y;, QD- q^) = 

I m 

(3.5.10) Yl E 4':i,r,sR\-tTliX^^ ^2*5 Q; q')R\--'\X,,Xl Q - X2X2*; q') 

r=0 s=0 

®{-qr-'RttTl{Y2.Y;,D-q^)Y{{Y*r 

in which we used the notations (3.5.8) and (3.5.9). 

Remark : For a = n — 2 this is in fact an identity in Z^ ® Z2-, which we can 
rewrite as an identity in Z^ ® Z2 by putting Q = D = \ m. (3.5.10). For general 
a > we can do something similar (the relations among the generators are then 
given by (3.5.6) but with Q and D equal to 1). 
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